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THE THEORY OF DUALITY IN SYSTEMS WITH AFTEREFFECT”

B.SH. MORDUKHOVICH

Some problems of control and observation /l1—3/ of linear dynamic systems
with aftereffect, defined by differential and integral equations with
deviating arguments are considered. The theory of duality for the problem
of minimizing the Boltz convex functional on the trajectories of a func-
tionally differentiable system of the neutral type with a lag in the control,
state, and velocity variables is developed. New concepts of controll-
ability are introduced into the system with aftereffects and phase
constraints, as well as dual concepts of ideal observability of their
conjugate system of integral equations with a lead in conditions of
incomplete information. The observability concepts introduced here are
connected with the restitution of the generalized final state of the
system containing minimum information to enable the future motion to be
calculated uniquely. The schemes and results obtained enable them to be
used in differential-game problems of dynamic systems with aftereffects

/4~6/.

1. The problem of optimal control. consider a linear control system whose dynamics
along the segment [#,,?] is defined by differential equations with a deflecting argument of
the neutral type

TO=AWzO+AOzE—-N+4,0TC—h)+BOu®) +BOut—h (1.1)

where h >0 is the lag of the control, state and velocity variables.

Systems with an aftereffect of the type (1.l) occur in problems of mechanics, automatic
control, economics, etc. (see the numerous examples in /7/). It is important to allow for
the action of the aftereffect when defining real dynamic systems and related control and
observation processes.

Let us consider the problem of minimizing the Boltz functional

Iz, u)=®(z(t), z(t) + § F(z(t),u (@), t)dt— inf (1.2)

*prikl.Matem.Mekhan.,48,4,622-631,1984
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on a set of absolutely continuous trajectories =z [, £,] - R® and summable controls u: [t 2] =
R™ that satisfy system (l1.l) with initial conditions and constraints

(@) =@@), =A<<ty uwu(@)=0 (), Hh—h<LE<T Y (1.3)
(z(te), st EDCR™ u@esU@ECR™ (<t (1.4)
Henceforth we will assume that the following conditions, imposed on parameters of prcoblem

(L.1)—(1.4), are satisfied:
a) the function @: R™ —» (—oo, 0] is convex and semicontinuous from below, and

dom ® = {(2o, 7;) & B ® (20, 2,) < 00} = D

b) the function F (z,u,!) is convex relative to (z, u), measurable and essentially bounded
with respect to t, and dom F{., ., #) = R" X R™ for almost all te&I[f, t];

e) the multivalued mapping U: [t,, ,j — 2™ is measurable /3, 8/ and takes closed convex
values, and the function d(f) =inf{lul: u e U ()} is essentially bounded along li, ¢,};

d) the components of the (n X n)-matrices A (f), A, (t) are summable, while the components
of the (n X n}matrix A4,(f) and of the (r» X m)-matrices B (?) and B, () are measurable and
are essentially bounded along lt,, t,};

e) the vector function @ [ty —k, ) = BR" is absclutely continuous, and the vector func-
tion @ lto — h, toJ = R™ is summable:

f) the following regularity conditions of the Slater type are satisfied: a process {z (¢),
u(t)), o<t <t exists that is admissible in (1.1)—(l.4) and satisfies the inclusions

(zl)h st EriD; u@sSriU@E), t,<<tly (1.5)
where ri X denotes the relative interior of the set X /9/. If the set
N def
epl ® = {(zo, 2y, W) & B p > O (2, 2y), (20, 1) = D}
is polyhedral /9/, the first inclusion in (1.5) may be weakened to (z (), z (};)) = D. HNote that
condition f) is satisfied a fortiori, if the right-hand end of =z (%) is free of constraints.

Henceforth everywhere the prime denotes transposition, |+ | is the norm in a finite
dimensional space, and 8 (- | X) is the indicator function, of the set X.

2. The dual problem and the conditions of optimality. we consider the con-
jugate functions /9/ .
D (Po, Py) = sup {z,"bs + 2Py — @ (20, 24): (20, 2,) = R}
F*(w,y, ) =sup{u'y +zw—~F(z,u,t): u=U(), = R"}

and we construct the problem dual to (l.1l)=(1.4) of minimizing the functional

{o+h

Jopwy= § v OlaB et —8)+ At e E—h+ (24)

1
Bit)ygu(t— R dt+ § Fo* o), B 09 () +
Lo
By (¢ + h) ¥ (e + k), ) dt - % (P (to) — A¢' (o + W) p(to + b),
— P (t))—> inf

on the set of summable controls w: [t, t,] = R" and essentially bounded trajectories v: [t,, t;] —
R" of the integral system with the lead

V() =P (1) - § [4(O9(0) + A (T + R p(t + by —w (1)) dt + (2.2)
]
AT RVEFR), LISl YO =0, a<t<t+h

Note that by virtue of (2.2), the function Y () — A, (¢ +hk)p (¢ + k) is absolutely contin-
uous on &, t], and the condition of finiteness of the functional (2.l) results in contraints
expressed in terms of effective sets of conjugate functions %, F,* /9/

(b () — A" (b0 + R) ¥ (8 + k), — (i) = dom O* (2.3)
wt)SdomF* (-, B ()¢ () + B, E+Rot+h), 0 Lt (2.4)

System (2.2) represents the totality of integral equations of the Volterra type of the
second kind with a leading argument. If the matrix 4, (f) is absolutely continuous on [t &4l,
then by virtue of (2.2) we obtain that the trajectory () is piecewise continuous on [i, ],
the points of discontinuity are of the form % =¢ —ih, i =1,2,..., and P {f} is absolutely
continuous over every interval of continuity. Differentiating (2.2), we cbtain in this case
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the equivalent system of functionally differential equations with a lead of neutral type
() = —A (Y — 4 (¢ F R+ h) + ddt A, ¢+ (:

By +nl+w
LSty (=0, <<ty + 4

o
wn

with the conditions of trajectory jumps
Yty — 0)_f P (1 + O) == o’ (13 + A (v + A — Oy — P (7 -+ fe (2.6)

3
o+ 0 4t + k=), w=t—ih, i=12,...
k=1
from which it follows that the trajectory ¥ (f),t, ! < !, does not have jumps, if either
A, (4)) = 0, or the boundary condition (2.3) implies % (f) = 0.

Note that the control set in (2.4) does not depend on the state variables of system (2.2),
i.e. problem (2.1)—(2.4) has no phase constraints, if F (x, u,t) = Fy(z, t) + F; (4, t) and the
function Fy{u, ) + 8 (WU (f)) is cofinite with u /9/ for almost all ¢t = [t, #,]. This occurs if
the given function satisfies the condition of growth of the Nagumo-Tonelli type as |u}-—> oo
/8/, in particular, when the set U({f) is uniformly bounded, or F,(-, ) increases at infinity
more rapidly than jul.

The following result establishes the duality relation between the extremal values of the
funct‘ionals in problems (l1.1)—(1.4) and (2.1)—(2.4) and the necessary and sufficient condi-
tions related to it. In the relations defined below 8D (z,, z,) denotes the subdifferential of
the function @ (+,"+)/9/ in the sense of convex analysis at the point (zy, 2,), and .F (z, u, t)
denotes the subdifferential of the function F with respect to the first argument. Note that
the subdifferential multivalued mappings take convex closed values and, in the case of smooth
convex functions, reduce to conventional derivatives.

Theorem 2.1. When assumptions a)~f) hold in problem (2.1)=—{2.4), a solution exists and
the extremal relation of duality
inf I (x, u) = — min J (¢, w) <C o0 (2.7)

holds. In this problem inf and min are taken over all admissible processes in problems
{1.1)={1.4) and (2.1)=—{(2.4), respectively. For the process {2° (1), u° (8)}, t, <t 4, to be
optimal it is necessary for problem (1.1)—(1.4), and for almost all Fiz, u, &) = Fy(z, ) + F,
(u, t) it is also sufficient, that almost all felf, ;] the following conditions be satis-

fied: I(\bo (t))’ B (t) + (‘bo (t + h))r B1 (t + h)] u“ (t) — (2.8)
F(2° (1), w’ (9), 8) = sup {{(%° (1))’ B (t) +
W+ R)Y By(t+ Al u—F(z°(@)yut): ues U(l)

w’ () € 8.F (2° (1), v’ (1), ) 2.9
(W (to) — 4y (to + B)§° (8o + R), —¢° () E 80 (2° (&), 2° (1)) (2.10)

where {§°(f), w° (1)}, & <t <4 is the optimal process in the dual problem (2.1)=(2.4).

proof. In conformity with the scheme * we reduce the initial problem of optimal control
(L.1)—(1.4) for the system with aftereffect to that of minimizing the Boltz convex functional
on trajectories of a linear system of ordinary differential eguations.

Let N be a positive integer such that

(N—-Dh<t; -ty < NE
Let us consider the vector functions p(f) and v (f) of dimensions Nn and Nm, respect-
ively, on the segment [0, Al

PO =@ @ . ..opn@®) p) =zt +t+(E—1h (2.11)
v(t) :(vl(t)v' -"VN(t))9 V!(t) = u(t0+t+(i_1)h)v o= 1;- . -1N

It can be shown that {(1.1) is equivalent to the following set of ordinary differential
equations in functions (2.11):

PO=MIOKE@p(t) + M T@OL@ v+ M) g ), (2.12)
0<t<h
K@)y =(Ky (), L@ =(Ly @) M@ =M;@) 1<

i I<N

*Mordukhovich, B. Sh. and Sasonkin, A.M., Duality in problems of optimal control of neutral-
type systems with application to controllability and observability. I. Minsk, Deposited at
VINITI, No. 5266, 1980
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Allg + 1+ E—=1h), , i=A,. . N
Kity= {Ai(to+t+(i—Nh), j=i—1, i=2,...,N

0 for all other i,]

B(to+t+(i—1)h), j=i, i=1,...,N
Lit)= ’Bl(to—;—t—f—(z—i)h), j=i—1, i=2,...,N
{

0 :or all other &, ]

E., j=i, i=1,.
M ()= J Az(to—f—t—}-(l—”h), ]———i—i, i=2,...,N
lo for all other i,j
and gW=(F{&),0,...,0,/(th= 4ty + ) {te+ ¢t — ) + Biob o {tot+t —h) + Ao+ 2 ¢" {8 +
t — h), where E, is a unit matrix of dimensions n X n..
The Boltz functional (1.2) and the constraints (1.4) take the form
N
@ (p: (0), pn (h)) +S 2 F(pi(8), vi(t), to + t -+ (i — 1) k) dt — inf (2.13)
0 t=1
@©), pnM) =D, piy=pin(0), i=1,...,N—1 (2.14)

vty e U+ X U@e+t+h X ... XU@lg+t+ (N=1h), 0LtLR

We apply to the problem of optimal control (2.12)—(2.14) the results obtained in /10/.
These are, in turn, based on the reduction to the Boltz generalized variational problem /8/ and
on the use of the theory of duality for problems of convex programming in functional space.
Using the specific properties of problem (2.12)~(2.14) and passing from the hybrid system with
a lead, conjugate to (2.12), (l1.l), to the integral form (2.2), we obtain the duality problem
of optimization in the form (2.1)~(2.4) and the extremal duality relation (2.7) from which,
following the scheme usually applied to convex problems, we derive the necessary and suffi-
cient conditions (2.8)—(2.10). The theorem is proved.

Remarks. 2.1. Relations (2.8)—(2.10) are sufficient for 2°(f), u° ()}, t, <<t to be
optimal in problem (1.1)-—(1.4) without the condition of regularity £).

2.2. The conditions of optimality (2.8)—=(2.10) are an analogue of the Kuehn-Thakker thecoren

Z2.£, iNe conaltions OL cimall L. are an ana.ogue ol The Xuenn-lhaxxer theoren

of convex programming /9/ for the class cons:Ldered here of linearly convex problems of optimiz-
ing systems with aftereffect. When the functions F,® are smooth, the version of Pontryagin's

e e BeTorRe) w3 miy J . (1 L] e o = Fote e et R L Y ey
principle of the maximum /11/ (in standard form) is strengthened, and the conjugate trajectory

is the solution of the dual optimization problem. Krasovskii /l/ was the first to establish
the results of this type for the spec1al class of linearly convex problems of optimal control,
and later ucvc.a.upcu in /¢—q, o, 10, 4.4/ and elsewhere for pfoblems of control of Uru]_ndry
dynamic systems and for systems with a lag.

2.3. By analogy with /B/ for ordinary systems the conditions of optimality obtained may
be formulated in Lagrangian and Hamiltonian forms equivalent to (2.8)—(2.10) and, also, in
the form of the theorem on the saddle point /1, 3, 4/ using the formalism of the theory of
games. Note that for the special class of functions F,® the duality problem (2.1)—(2.4)
can be interpreted in the form of the problem of optimal observation from the type of construc-
tion /1, 3, 13, 14/.

3. Controllability and observabilicy, Using the theory of duality of éxtrema

-

lability of linear systems with aftereffects of the type (1.1l) and (2

.2) We shall cnsider
the control system (1.1) on the segment [f;, #;] with the initial conditions
T =9(), u®=0 t—kLI<h (3.1
where ¢: lf; — k, t;] = R" is an absolutely constinuous vector function. W ssume the vector

e a

— h, t,} ur e a th

functions u (-) & L, (lt, 1], R™) to be admissible controls in (1.l) and, also, hat the para-
meters of system (1.1) satlsfy condition 4).

Tt (A e a (b W a2ty A DI o o Y i+l ol ame = = =W ) o

Let C () be a (k X n)}-matrix and D{(f) be a (k X m)matrix with elements that are measurable

and essentially constrained on [¢, ;] We introduce the constraints
def
s D=CHzO+DOu®) =0, t,<t<h (3.2)

on the admissible processes of system (l1.1), (3.1) pertaining to constraints of mixed type
on the phase coordinates and control.

We denote by a:{:) the set {z{th ={t +

system (l1.1l) at the instant of time t. Let Q@ b
containing the final state =z, (-) of system (1.
________ = _~ RN PR

il - ip that contains the functions @, () of the form

to Ot <t admissible in (1.1).

1 R VT 1211l ~211 Sl mdemds

X WIlCN W& Snaili Call Trieé state oI

ary Banach space with the norm || .|lg
the Banach space with the norm

PR T W ,, 7N
werated by processes {z (8}, u ()},

£
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Definition 3.1. System (l.1), (3.1) is called Q-approximately null-controllable on the
segment [¢, #;}, when the constraints (3.2) are P approximations, it for any initial state
zi,(+) over any & >0 there is a control u(-)& L (lty, #,}, R™) and, by virtue of (1.1}, (3.1}
a trajectory z (), ¢, <t <t corresponding to it such that

Izu{)la+ oz u(-)p<e

Remarks. 3.1. If |z, ()lg=12()| and there are no constraints (3.2), the approximate
null-control of system (1.1), (3.1) is identical with the exact controllability to null when
t=1t. However, in the general infinite - dimensional case the concepts of approximate and
exact (or complete in the meaning of /15/) null controllability are not equivalent in the
class of admissible controls consdidered here. .

3.2. The vector function «, ,(® in (3.2) may be considered as the output of system (l.1)
/3, 10/, and we can interpret the concept of controllability as the approximate null control-
lability of system (1.1), (3.1) with respect to the output of (3.2).

Let us consider further the system of observation, conjugate to (1.1l), (3.1)

i

PO =) + § [4 (@9 () + A (x+ R P (v + h)]dT + (3.3)

A ¢+ rypt+n+ @ —C@rmldn, 6 <t<n

w(tiso, <ttt +h YO =0, Lt —h
) =B @Oy O+ B E+RVEFH =D (Bv@) & <EH 3.4)

in which the aftereffect (the lead) reveals itself in the equations of the object of observa-
tion (3.3) and of the measuring equipment (3.4).

Note that m-dimensional output quantity 2z (¢), which can be measured, depends on the n-
dimensional trajectory ¢ () of system (3.3) and, also, on the k-dimensional undefined pertur-
bation v (), t, Lt < ¢ that generates it.

The quantity ¥y (-) = { (t); v (1), tr — 2 <t < t;} plays the part of the initial state of
system (3.3) with lead, which for any ¥ (¢) & R®*, v (-) & Ly ([t, — h, t,), B") entirely determines
the ekssentially constrained trajectory ¥ (¢) on [f, &1 for known perturbations v (:) & L, (It
4,1, RY).

Definition 3.2. The quantity

tyth
W) ={PE)— 4t + WV + 1) + § A @@y (3.5)

»

6
U 4w de— 40t + 0w, +0), 0<B<H)
ta

is called the minimal state of (3.3) at the instant of time ¢f, <! —#A2. The basic property
of (3.5) is that the information 1% (:), as the prehistory of system (3.3) is minimal (neces-
sary and sufficient) for an unambiguous determination of the trajectory* V¥ (f) on (—o0,f ) for
known perturbations v (), ¢t <<t,, when the condition that the matrices 4 (!), 4; (f), 4, (¢) are
supplemented on {-—o0, %) while preserving their properties. The following statement is more
accurate.

Statement 3.1. Let the matrices A (f), A, (t), 4; (f) be supplemented on (— oo, t,) in such
a way that condition d) holds in every finite interval. Then for any ¢, <\t —#& the realiza-
tion of the properties ¥’ (-) = 0 along any arbitrary trajectory of system (3.3) when v ()=
0,t<t, is equivalent to Y () =0 for almost all ¢<{,.

Proof. When v{y=0,t<t,, the conjugate system (3.3) admits of the representation
t

P = () — A (e H )Vt T h) — S [ (@Y )+ (3.6)
t!
AT RV (T EA)dT R PR R), <,
By replacing variables we convert (3.6) to the form of the Volterra inhomogeneous equa-
tion

¢
PO =— {4 me@ar+a0) (3.7)

t‘

ty+h ti-h
dOE ) — A R+ | A @Y@a R veEn— (@ emdn 1<

ty ta
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It follows from (3.7) that ¢() =0 when ¥ °()=0, and ¢ (=0 successively in the
intervals [t, — k. t,), [t, — 2k, t, — k) etc. Conversely, if ¢ =0,t<¢,, then from (3.7) when te
[t. — 2k, t, —h) it follows that the first component in (3.5) vanishes, and when telt, —&, t,)
the second component also vanishes for almost all 0<{0<h.

If the matrix A, (f) is absolutely continuous in [ty t;], the integral system (3.3) reduces
to the difference-differential form

V) = —A (9 () — A, ¢+ R+ R) + didt L4, (¢ + (3.8)
RDY@E+m+C Do), <t<t—h

VO =—A Oy —vO+C OV, b—h<t<h

b (t) = € R

with the conditions of jumps (2.6).
It can be shown that the minimum state (3.5) of system (3.8), (2.6) may be represented

in the form
9 (b O 4y’ ()] (v, — 0) — (v, + s A’ (b ©) ¥ (ta+8)—
1At + O Vite +0)), 0<0 < A}

where 1; is the point of discontinuity of the form ¢, — ik, i =1,2,.... closest on the right
to t.
Let AC R"™ X Ly(lt; — h, t;], R*) be the Banach space of the initial state Py, () = {P (t);

vy th —h <t} of system (3.3) and let Q C L, (It t, R*) be the perturbation space v (),
t, <t < by

Definjition 3.3. System (3.3), (3.4) is called the ideally A-cbservable at the instant
of time t, with perturbations from space @, if it follows from the condition z(f)=0,¢{, <t <t
that ¥’ () =0 for any ¥ () E A, v () < Q.

Remarks. 3.3. If the definition of system (3.3) is extended to (- oo,t) when v(t)=0,
t < t, then by virtue of statement 3.1 the observability is equivalent to the possibility of
reconstructing by the output z(1), ¢, <t<¢ the trajectory () of system (3.3) for almost all
t<t, for any ¢, (YA, v()=0.
3.4. The proposed concept of ideal observability of systems with aftereffect was first
introduced in /16/ in the case of a system with lag with respect to the state for a specific
form of the space A, ¢ (when there are no perturbations, it reduces to observability on the

continuation *). In the case of a set of ordinary differential equations, when D (=0 the
concept introduced is equivalent to ideal observability in the sense of /17/ (see also /3/
and the bibliography given there). If ¥ () =0, the observability is close in spirit to the

concept of conditional ideal observability which was introduced and used to solve game problems
of dynamics in /3/.

3.5. If ¥ (t,) =0 and the matrix 4,(1), t, <t< ¢ is continuous, the trajectory ¥ (1) of
system (3.3) is continuous on [, t]. If then the matrix 4,() is absolutely continuous on
[t5, t;], the respective observability of system (3.8), (2.6) is eguivalent to the observability
of system (3.8) without the condition of trajectory jumps (2.6), it is then possible to con-

sider the quantity
{9 (ta); Ay (te + B) P (ta + 8) — d/dt [Ay" (te + 0) Y (e + 6)], 0O R}

as the minimum state of system (3.8). It includes the necessary and sufficient information
for determining the single~valued absolutely continuocus trajectory of system (3.8B) on (— oo, t,).
Note that similar constructions for systems with aftereffect of the type (l.l) are called in
/18/ the informer of the solution at the instant t,.

4. The principle of duality. Kalman's principle of duality /19/ (see also /1-3/,
19,20 is well-known in the theory of control and observation of conventional linear systems.
It established the dual correspondence between the concepts of controllability of the input
and the observability of conjugate dynamic systems.

Various duality relations between the controllability and observability of linear systems
with lag were obtained 'in /13, 14, 16, 18, 21/. Note that in /10, 16, 20/ the duality between
the controllability and observability of linear systems is derived directly from the duality
of correspondence in the theory of extremal convex problems, i.e. Kalman's duality principle
is inserted into the general theory of duality of convex analysis. The problems of control
are thus reduced to the respective problems of minimizing a functional of the norm type on
trajectories of a linear control system with free right-hand end. Below. duality relations
are established in this way between the concepts of controllability and observability of
systems with aftereffect considered here.

* Mordukhovich, B.SH. and Sasonkin, A.M., Duality in problems of the control of systems of
neutral type with application to controllability and observability. II. Minsk, Deposited at
VINITI No. 5267-80, 1980.
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Henceforth we will assume that P = L, ([t t,], R), 1 { p < ~, and the norm ||l in the
space of pairs {z; f (¢), ty —h Lt < 4} is defined by one of the following formulas:
DI (@, B (-)) loe =il 21 ligu = 12|
2)II(JCu Mo =B (Il Ly =L, (e — A, ], B, 1 r<< >
)1l Iuﬁ() Ml =[l.(z1, B (+) luse, = Gz THIUB i, 1<r< >

Then P* = L, (¢, t.], R*), 1/¢ + 1/p = 1, and the conjugate space Q* has the form
DQ* =A@y (N ER, () =0, 1 —h <t <1y}
2) Q* = {1, v ()19 =0; v (1) = L, ([t — &, tll, R™, s+ 1r =1}
3) Q% =AW YN S RS v ()= L (h — A, 6], RY, s 4+ 1/r = 1}

Note that in case 1) we may assume in the definition of observability that 7 (-) isa fixed
function from L, ([¢; — &, ¢], R"), and in case 2 consider that ¥, is a fixed vector from A" (the
condition of jumps (2. 6) for system (3.8) is immaterial).

I

Theorem 4.1. When the assumptions made above are satisfied, the following principle
of duality holds. .For the Q-approximate null-controllability of system (1.1), (3.l) on the
segment {t,, t,] with P-approximations of constraints (3.2) it is necessary and sufficient that
the conjugate system (3.3), (3.4) where Q¥ is ideally observable at the instant of time ¢,
with perturbations from space P*.

Proof. Consider case 3) (in other cases the proof by the same scheme is similar). Follow-
ing the procedure in /16, 20/, we shall formulate the problem of minimizing the functlonal

ty i

Lawy=|zt)|+ § [z dt+§ [Ctyz@)+ D@ u@)Pdt— int 4.1)
— t,
on admissible processes of system (1.1), (3.1). Obviously the controllability is equivalent
to inf/ (z,u) =0 in problem (1.1), (3.1), (4.1) for any functions ¢ (f) absolutely continuous
in (3.1). By virtue of the extremal duality relation (2.7) we have
min J (p, w) = —inf I (z, u) = 0, Vo (-) (4.2
where minJ (y, w) which is taken in problem (2.1)—(2.4), which is dual to (1.1), (3.1) and

(4.1), and which for p=1,r =1, w = (v,y) can be represented in the formof the problem of
minimizing the functional
toth

Tho, = § VOLAQ 9 —h) + A2 () " (¢t — h)] dt + (4.3)
to
P (Ea){ ¥ (o) — 42" (8o + R) Y (& + h)]— inf

on trajectories of system (3.3) with the constraints

Oy @A +B (t+RY(E+h) D BDv)=0, t, < t< ty (4.4)
@<L IvOI<L -2t v I<L <t (4.5
When p>1, r> 1, the functiocnal (4.3) is supplemented by the term
1y t
Tp~§|v(z)|‘7dt+—£—h§h|y(t) Fat(—+ =1, -+ L= 1)
and the respective constraints in (4.5) are replaced by
v () = Lo ([tg, 4], RY), v () = L, (It — &, 1], BY) (4.6)

which does not alter the essence of subsequent reasoning. Transforming the functional (4.3),
taking into account the absolute continuity Y (¢), ¢, —h <t <{,,and the formula of integration

by parts, we obtain
tot+h

J (W0, )= S (96— R)Y[ Ay’ (&) ¥ ( t)—S Ay (D) y (v de|de +
-+h

@ () P (k) — Ay’ (b0 + W)Wt + R) + § A’ (D) de]

to

Hence by virtue of (4.2) we obtain the relations
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t
A OP)— (A (DPMdT=0, tL<t<t+h
“ tet+h

B(to)— A’ (bo + WP+ h) + § A/ OP@®)dE=0

te

for any processes {¢ (-}, v(-), ¥ (-)} admissible in (3.3), (4.4), and (4.6). The latter also
means the observability of system (3.3), (3.4) corresponding to case 3). The theorem is
proved.

Remarks 4.1. Within the scope of the approach considered here to problems of control-
lability and observability we can investigate the case when the initial function e¢(t) in (3.1)
is discontinuous when t=1¢, Then in Theorem 4.1 the minimal state (3.5) must be replaced
in the definition of observability by the guantity

ta+h
ey —a e +mve,+m § A@v@e

s
tat6

{ Y @o@ar—art+0¥n+0), 0<8<h]

iy ‘
which contains redundant information for calculating the trajectory of system (3.5) in (- oo, t,).

4.2. The problem of exact controllability of system (l.l), (3.1l) in a given space when

the constraints (3.2) are satisfied, reduces in this approach to obtaining the theorems of
existence of the optimal controls in the respective optimization problem of the type (1.1},
(3.1), (4.1). The class of functions that have a solution is the natural class of (exact)
controllability. It also generates linear operations of restitution in the dual problem of
observation. The results of /8, 22/ enable general situations to be distinguished, where such
problems are solved by passing to generalized pulsed effects /1, 3, 6/.
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